Abstract. Fluorescence molecular tomography (FMT) is a promising tool in the study of cancer, drug discovery, and disease diagnosis, enabling noninvasive and quantitative imaging of the biodistribution of fluorophores in deep tissues via image reconstruction techniques. Conventional reconstruction methods based on the finiteelement method (FEM) have achieved acceptable stability and efficiency. However, some inherent shortcomings in FEM meshes, such as time consumption in mesh generation and a large discretization error, limit further biomedical application. In this paper, we propose a meshless method for reconstruction of FMT (MM-FMT) using compactly supported radial basis functions (CSRBFs). With CSRBFs, the image domain can be accurately expressed by continuous CSRBFs, avoiding the discretization error to a certain degree. After direct collocation with CSRBFs, the conventional optimization techniques, including Tikhonov, L1-norm iteration shrinkage (L1-IS), and sparsity adaptive matching pursuit, were adopted to solve the meshless reconstruction. To evaluate the performance of the proposed MM-FMT, we performed numerical heterogeneous mouse experiments and in vivo bead-implanted mouse experiments. The results suggest that the proposed MM-FMT method can reduce the position error of the reconstruction result to smaller than 0.4 mm for the double-source case, which is a significant improvement for FMT.
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Introduction
In recent years, optical molecular imaging (OMI) and related optical technique-based multimodality fusion methods have experienced notable growth and attracted considerable attention for their excellent temporal resolution, simple operation, and high cost-effectiveness. Furthermore, OMI has already been used for early stage cancer diagnosis, drug discovery, and disease treatment with the help of exogenous agents that provide detectable signals or endogenous molecules with optical signatures. [1] [2] [3] [4] [5] [6] [7] In particular, the application of OMI in vivo studies has greatly advanced our understanding of biology and medicine. Fluorescence molecular tomography (FMT) is one of the various modalities of OMI which has attracted considerable attention due to its high sensitivity and low cost, aiming at noninvasive and quantitative imaging of the biodistribution of fluorophores in deep tissues by upgrading the two-dimensional (2-D) fluorescence imaging to three-dimensional (3-D) in vivo detection. [8] [9] [10] Among FMT methods, it is well known that photon propagation models in biological tissues and inverse problems are the two main challenges, which have a marked effect on tomographic imaging performance. 11, 12 To perform quantitative FMT, the forward photon propagation model needs to be solved, which can generate a linear system linking the internal unknown fluorescent source and the boundary measurements. Then, the fluorescent source distribution is reconstructed by solving the inverse problem. Currently, different reconstruction techniques for FMT have been proposed based on numerical techniques, 13, 14 including the finite-difference method (FDM), 15 finite-element method (FEM), 16 and boundary element method (BEM). 17 Among these methods, the FEM has become the most commonly used technique in FMT for its versatility, which makes it easily executable in complex heterogeneous geometrics. 18 In particular, the acquired sparsity positive-definite FEM yields great numerical stability and efficiency, which has significantly contributed to the development of reconstruction algorithms. [19] [20] [21] [22] However, FEM relies on strictly designed meshes connected together by nodes in a properly predefined manner. It has limitations including time consumption in mesh generation, difficulty in the case of adaptive analysis, and significant discretization error in extremely complicated geometry (such as bones). 23 In order to overcome the difficulty of 3-D meshing, the meshless method (MM) was recently proposed. 24 This technique uses only a set of nodes to represent the problem domain and its boundary. Without any point connectivity or element information, the burdensome mesh discretization is avoided, resulting in improved accuracy due to the decrease in the discretization error. It has been successfully applied to solve problems in solid mechanics, heat transfer, fluid flow, and so on. 25 Qin et al. have introduced MM in bioluminescence tomography (BLT) 22 based on the Galerkin method. This work has shown a huge potential of MM in the field of optical imaging. Compared with the Galerkin-based methods, the compactly supported radial basis functions (CSRBFs) method possesses advantages in the following aspects: (1) it is a truly mesh-free algorithm; (2) it is space dimension independent in the sense that the order of convergence is Oðh dþ1 Þ, where h is the density of the collocation points and d is the spatial dimension; and (3) in the context of scattered data interpolation, CSRBFs have spectral convergence orders.
In this paper, we introduce a meshless method for the reconstruction of FMT (MM-FMT) based on CSRBF, in order to improve the accuracy and efficiency of the reconstruction. The image domain is represented by a series of CSRBFs based on a direct collocation method, which guarantees the accuracy of the forward model of FMT. After formulating the inverse problem of MM-FMT based on the forward model, three different conventional algorithms, including Tikhonov regularization, L1-norm iteration shrinkage (IS), 26 and sparsity adaptive matching pursuit (SAMP), 27 are utilized to solve the inverse problem. Heterogeneous mouse model experiments and in vivo experiments are performed to validate the proposed method. We compare our results with those obtained by the FEM-based reconstruction methods (FEM-FMT). Results show that the proposed MM-FMT can achieve better performance. This paper is organized as follows. Section 2 describes the details of the forward model of FMT and the proposed MM-FMT. Section 3 shows the results of numerical heterogeneous mouse experiments and in vivo experiments. Finally, Section 4 discusses the results and draws the conclusion.
Method

Photon Propagation Model and Inverse Problem
For steady-state FMT with point excitation sources on the boundary of the imaging object, the photon propagation model in highly scattering media such as biological tissues is based on the diffusion equation (DE) . 28 The following coupled DEs with a Robin-type boundary condition can be utilized to describe the forward problem: 29, 30 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 6 3 ; 2 1 4 (1) where r denotes the position of the point inside the image domain Ω. The subscripts x and m denote the excitation and emission wavelengths, respectively. Φ x ðrÞ and Φ m ðrÞ are the photon flux densities. μ ax;am and μ sx;sm are the absorption and scattering coefficients. D x;m ¼ 1∕3½μ ax;am þ ð1 − gÞμ sx;sm is the diffusion coefficient, and g is the anisotropy parameter. ημ af ðrÞ denotes the fluorophore field which is to be reconstructed, and v denotes the optical reflective index mismatch. The excitation light sources are set to be isotropic point sources, which are located beneath the boundary of Ω. Θ denotes the amplitude of the point sources.
After applying the process of numerical computation by finite-element formulation, the linear relationship between the measured outgoing photon distribution on the surface and the unknown internal photon distribution is given in a matrix vector form by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 3 2 6 ; 6 5 7
where Φ denotes the fluorescence distribution on the boundary of the image domain, A denotes the system weight matrix, and X denotes the intensity of the fluorescent distribution in biological tissues. Detailed descriptions can be found in Ref. 30 .
To solve the inverse problem of FMT, we need to infer X from Φ. The inverse problem can be directly solved by inverting the weight matrix A. However, this inversion is often ill-posed in the Hadamard sense, as the dimension of the null space of A is not zero. Instead, the least-square solution is used to solve Eq. (2), which can be described as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 3 2 6 ; 5 1 6 min X EðXÞ ¼ arg min
Compactly Supported Radial Basis Function
In essence, the pioneering work concerning CSRBFs is attributed to Wu 31 and Wendland 32 in the mid-1990s. Generally, in the situation of 3-D image reconstruction, a CSRBF is expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 3 2 6 ; 4 1 5
where φ½dðrÞ is a prescribed polynomial, dðrÞ ¼ r − r∕R is the distance between the center of the CSRBF r i and the point r inside the image domain, and R is the compactly supported radius, which defines the support set of CSRBF. ð·Þ n þ is a constant positive-defined factor. For example, 33 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 3 2 8
uðxÞ is a step function which is expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 2 7 5
The explicit formulae of CSRBFs which possess 2k smooth continuous derivatives for k ¼ 0, 1, 2, 3 are given in Table 1 . 34 In this paper, the smooth continuous derivatives of the formulae are set to k ¼ 1, and the function is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 1 9 0 p½dðrÞ ¼ u½1 − dðrÞ 4 ½4dðrÞ þ 1:
Direct Collocation with Compactly Supported Radial Basis Functions
For the reconstruction of FMT, we adopt CSRBFs to represent the image domain based on a direct collocation method to guarantee the accuracy. Figure 1 shows the schematic diagram of the method. First, we distribute the CSRBFs uniformly along the boundary of the image domain. The CSRBFs should be distributed densely to ensure the integrity and accuracy of the boundary. Then we randomly distribute the CSRBFs within the image domain, and the maximal distance between the adjacent centers of CSRBFs is set to be the compactly supported radius, which can avoid the leakage space inside the image domain. After the representation, the fluorescent distribution X at node r can be collocated by the CSRBFs as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 6 3 ; 4 9 0 XðP; UÞ ¼
where P ¼ ½p 1 ; p 2 ; : : : ; p L is the matrix of CSRBFs, U ¼ ½μ 1 ; μ 2 ; : : : ; μ L T is the fluorescent intensity coefficient of the CSRBFs, and L is the number of CSRBFs. Substituting Eq. (8) into Eq. (3), the inverse problem of FMT leads to a meshless formulation:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 3 2 6 ; 7 0 1 min U EðUÞ ¼ arg min
where T ¼ AP is the meshless system matrix for FMT.
Meshless Inverse Problem
Due to the multiple scatterings of photon propagation through heterogeneous biological tissues, the inverse problem of FMT is often highly ill-posed and ill-conditioned. 20, 35 Although more fluorescence information can be captured by multiple spatial patterns of illumination, the problem may still be strongly illposed because of the sensitivity to noise and errors caused in the data-gathering process and raw data discretization. 19 To obtain a reasonable solution, penalty terms are typically Table 1 Explicit formulae of some compactly supported radial basis functions (CSRBFs). introduced to the objective function, which is considered as a priori information: E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 6 3 ; 3 4 5 min U EðUÞ ¼ arg min
Form of CSRBF Continuity
where RðUÞ is the penalty function and λ is a positive real number called the regularization parameter used to balance the two terms. Here, we consider the case when RðUÞ is kUk p P with p ¼ 1; 2. In this case, the inverse problem with general Lp-norm regularization can be modified into E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 3 2 6 ; 7 0 1 min U EðUÞ ¼ arg min
To get the optimal solution of Eq. (11), we adopt three different conventional algorithms, namely, Tikhonov regularization (where p ¼ 2), IS, and SAMP (where p ¼ 1), as described in the previous sections.
The procedure of the proposed MM-FMT is summarized in Fig. 2 .
Experiment and Results
In this section, both numerical simulation studies and in vivo mouse studies have been designed to evaluate the accuracy, robustness, and efficiency of the proposed method. All of the computational processing was completed on a personal computer with a 3.20 GHz Intel Core i5 CPU and 4 GB RAM.
To validate the performance of the reconstruction method, we utilize the position error (PE), the contrast-to-noise ratio (CNR), and computation time in this paper. The PE is defined to measure the accuracy of the results: 
where P r is the centroid of the reconstruction results, P 0 is the actual location of the fluorophore, and ðx; y; zÞ is the 3-D coordinate.
The CNR is also used in this paper as a metric to indicate whether the reconstructed object could be clearly distinguished from the background. 36 In this paper, we divide the image domain into two regions: volume of interest (VOI) and volume of background (VOB). VOI is defined according to the location and size of the reconstructed object, and VOB is the remaining part of the domain. CNR can be calculated by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 6 3 ; 1 3 9 CNR ¼
where w VOI and w VOB are the weight factors of the VOI and VOB, respectively; μ VOI and μ VOB are the respective mean values; and σ VOI and σ VOB are the respective standard deviations. In this paper, the VOI is defined based on a threshold of 30% of the maximum value.
Results of the Heterogeneous Mouse Model
To generate the heterogeneous mouse model, an adult nude mouse was used to acquire the original dataset by micro-CT. All animals used in this study were purchased from the Laboratory Animal Center, Peking University, China, and followed the experimental protocol guidelines according to the Institutional Animal Care and Use Committee (IACUC) at Peking University (Permit Number: 2011-0039). In our study, it is supposed that there were two small tumors on the surface of the animal's liver, which were the fluorescent targets to be detected. Only the torso section of the mouse was selected as the region to be investigated, as shown in Fig. 3(a) . The diameters of the tumors were both set to 2 mm. The edge-to-edge distance of the two tumors was 9 mm. The major organs and tissues (heart, lungs, liver, kidneys, and muscle) were used to construct the heterogeneous mouse model, where the corresponding optical properties were assigned according to Table 2 . 37 The excitation light sources were modeled as isotropic point sources located in the plane with a light intensity of 0.02 w. The measurements were taken with a 160 deg field of view, as shown in Fig. 3(b) . In the experiments, a 5% Gaussian noise was added to the measurements to simulate the situation where practical fluorescence measurements were taken using a chargecoupled device (CCD) camera. Fluorescent images in a 360 deg full view were collected at every 45 deg, with eight projections adopted in total.
Evaluation of reconstruction reliability
To verify the reconstruction reliability of the MM-FMT, we have conducted 50 reconstructions with different numbers of CSRBFs, denoted by the number of functions (NOFs). The NOFs can have a considerable effect on the reconstruction accuracy of MM-FMT when representing the image domain. In this section, the NOF was selected with different orders of magnitude, ranging from 100 to 5500. The reconstructions were performed using IS. The regularization parameters were both set to 1.0 × 10 −3 , and the maximum iteration number was set to 200. The reconstruction results are partly delineated in Fig. 4 , and the quantitative analysis is listed in Fig. 5 .
From Fig. 5 , we know that when the NOF is too small (NOF <¼ 1000), meaning the image domain is too sparsely discretized, the two fluorescent sources cannot be reconstructed at the same time, in which case the accuracy of reconstruction is not ensured either. As NOF increases, the accuracy of the reconstruction increases. However, a certain number of artifacts were found in the results when NOF > 1000, since the ill-posedness of the inverse problem increases as the NOF increases. This leads to a decrease in CNR and an increase in computation time. Because the CSRBFs are randomly distributed in the interior of the image domain, the reconstructions are not stable when NOF <¼ 2500. When NOF > 2500, the variation of the results begins to decrease, and the reconstruction tends to be stable. As can be concluded from the above results, the reconstruction results are satisfying when NOF > 1500. The reconstruction becomes stable when NOF > 2500.
Evaluation of reconstruction efficiency
To examine the efficiency of the MM-FMT, we tested it using the numerical heterogeneous mouse model. In this section, we used both MM-FMT and FEM-FMT methods to reconstruct the internal tumors, where Tikhonov, IS, and SAMP were quantitative analysis of the two methods is listed in Table 3 , where we include PE, CNR, and computation time. As seen in Figs. 6 and 7, both MM-FMT and FEM-FMT can achieve the reconstruction of the two tumors, except for the FEM-FMT via SAMP. The results of the MM-FMT are more condensed with smoother surfaces. The reconstruction regions of the MM-FMT are more accurate with smaller intensity variations, as can be seen from the PE and CNR values. Due to the same dimension of the reconstruction data, the computation times of the MM-FMT and FEM-FMT via the three algorithms have the same order of magnitude. In addition, the computation time of the center distribution of the MM-FMT (17.82 s) is much shorter than that of the mesh generation of the FEM-FMT (295.74 s). This can be attributed to the fact that the MM-FMT does not require the connective information of each center, so there is essentially no other additional operation for mesh generation, simplifying, smoothing, and filtering.
Results of the In Vivo Experiment
To validate MM-FMT in a practical application, an in vivo mouse experiment on an adult Kunming mouse was conducted. For imaging purposes, the multimodality imaging system developed by our group [38] [39] [40] was used to acquire the experimental datasets, which is an integrative platform combining fluorescence imaging with micro-CT. For micro-CT scanning, the cone-beam x-ray generator (Oxford Instruments, 90 kV UltraBright Micro-focus Source) was operated in a continuous mode with a 55 kVp tube voltage, where 360 deg projections were scanned and the signal was accepted by an x-ray detector (Hamamatsu Photonics, C7943CA-02 Flat Panel Sensor). An ultrasensitive cooled CCD camera (Princeton Instruments, PIXIS: 1024) was used to obtain the multiview fluorescent images. The excitation light was generated by a 671-nm continuous wave (CW) laser. The schematic diagram of the multimodality imaging system is shown in Fig. 8 . We collected the fluorescence measurements in transillumination mode.
A plastic fluorescent bead was implanted inside the hypogastrium of the mouse, which was filled with a cy5.5 solution with a concentration of 2000 nM. This fluorescent solution has a peak excitation wavelength of 671 nm with quantum efficiency of 0.23, and the emission wavelength is 710 nm. 41 After imaging, the micro-CT volume and fluorescent images were acquired by the dual-modality system. In order to build the heterogeneous mouse mode, the micro-CT volume was segmented into several parts 40 (muscle, heart, lungs, liver, kidneys, and bones), as shown in Fig. 9 . The corresponding optical properties were assigned to different organs and tissues according to Table 4 . 42 Then the fluorescent images were mapped onto the 3-D micro-CT volume via a 3-D surface flux reconstruction algorithm, 43 so the photon distribution of the fluorescent signals on the mouse surface was obtained, which was indispensable for reconstruction. After finishing the above procedure, the MM-FMT and FEM-FMT were both performed on the mouse through three different algorithms (Tikhonov, IS, and SAMP). The image domain of the mouse was discretized into 5639 nodes and 33,627 elements for FEM-FMT and 5639 CSRBFs for MM-FMT. The 3-D reconstruction results of MM-FMT and FEM-FMT are shown in Fig. 10 . The cross-sectional views are given in Fig. 11 . In addition, the quantitative analysis of the reconstruction results is listed in Table 5 .
Similar to the numerical heterogeneous mouse experiments, better reconstruction results are achieved by the MM-FMT. The CT scan could determine the location of the internal fluorescent bead, since the bead was wrapped in a plastic material (Fig. 11) . Compared with the real location of the fluorescent bead, the MM-FMT does not perform as well as in numerical studies, but the reconstruction accuracy is still acceptable. Quantitative analysis of the performance further demonstrates the superiority of the MM-FMT.
Discussion and Conclusion
FMT has been rapidly developed in recent years for its advantages in the study of physiological and pathological processes in vivo at cellular and molecular levels. Research of the inverse problem of FMT is critical as the solution to the inverse problem, which is central to the accuracy and efficiency of the reconstruction. However, the application scope of the existing analytical and statistical techniques is currently limited by the different weaknesses inherent in each method. Developing more powerful numerical techniques is needed for better applicability and higher efficiency of FMT, particularly in the case of more complicated geometrics. In this paper, we presented a CSRBF-based meshless method to solve the inverse problem in heterogeneous biological tissues. Compared with the conventional FEM analysis, the MM-FMT can obtain better reconstruction performance.
It has been shown in Section 3.1.1 that the NOF is serious for the reconstruction. When the NOF is small, the computation cost is reduced, but the accuracy is undesirable. When the NOF increases, the computation cost and the accuracy both increase. When NOF > 2500, the reconstruction results obtained by the MM-FMT demonstrate good performance (Figs. 4 and 5) . In this paper, we chose the larger NOF to ensure accuracy. In future work, we will do some research to find the optimal NOF for the application of FMT. Compared with FEM-FMT, better accuracy can be obtained with MM-FMT (Figs. 6 and 7 and Table 3 ). This is due to the fact that the meshless method can express the image domain continuously, avoiding the discretization error as in FEM to a certain degree. Besides, the reconstruction results of the in vivo experiment validate the feasibility of MM-FMT in a practical application.
In this paper, the MM-FMT was performed via three conventional methods including Tikhonov, IS, and SAMP. More effective reconstruction methods for FMT can be combined with MM-FMT to achieve better performance. In this paper, we distributed the center of CSRBFs with direct collocation. The adaptive collocation method can be further evaluated to more accurately and effectively express the image domain.
In conclusion, we have presented a meshless reconstruction based on CSRBFs to increase the accuracy of FMT. By choosing an appropriate number of CSRBFs to discretize the image domain, the image to be constructed can be more accurately expressed, thus avoiding the limitations of conventional FEM. The results of the numerical heterogeneous mouse experiments and in vivo experiment demonstrate the superiority of the MM-FMT.
